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a b s t r a c t
In this paper, we establish coincidence and fixed point theorems for a pair of mappings
satisfying a new generalized (ψ, ϕ)-weak nonlinear contraction type condition in ordered
K -metric spaces. The presented results generalize and extend the very recent results
of Choudhury and Metiya [B.S. Choudhury and N. Metiya, The point of coincidence
and common fixed point for a pair of mappings in cone metric spaces, Computers and
Mathematics with Applications, 60 (2010) 1686–1695].
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1. Introduction
The Banach fixed point theorem [1] asserts that every contraction mapping in a complete metric space admits a unique
fixed point. This theorem is an important tool in the theory of metric spaces and it has many applications in different fields
of mathematics. Literature abounds with many generalizations of the classical Banach’s fixed point theorem since 1922.
For some of these generalizations of the Banach’s fixed point theorem and various contractive definitions that have been
employed, we refer the readers to [2–9] and other references listed in the reference section of this paper.
The existence of fixed points in partially ordered sets was investigated, e.g., by Ran and Reurings [10], and then by Nieto
and López [11]. The following two versions of the fixed point theorem were proved, among others, in these papers.
Theorem 1.1 ([10,11]). Let (X,≼) be a partially ordered set and let d be a metric on X such that (X, d) is a complete metric
space. Let f : X → X be a non-decreasing map w.r.t.≼. Suppose that the following conditions hold:
(i) there exists k ∈ [0, 1) such that d(fx, fy) ≤ k d(x, y) for all x, y ∈ X with y ≼ x;
(ii) there exists x0 ∈ X such that x0 ≼ fx0;
(iii) f is continuous, or
(iii′) if a non-decreasing sequence {xn} converges to x ∈ X, then xn ≼ x for all n.
Then f has a fixed point x∗ ∈ X.
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Since then several authors considered the problem of existence (and uniqueness) of a fixed point for contraction type
operators on partially ordered sets (see, e.g.,[12–20]).
Fixed point theory in K -metric and K -normed spaces was developed by Perov et al. [21–23], Mukhamadijev and
Stetsenko [24], Vandergraft [25] and others. For more details on fixed point theory in K -metric and K -normed spaces,
we refer the reader to the fine survey paper of Zabrejko [26]. The main idea consists to use an ordered Banach space
instead of the set of real numbers, as the codomain for a metric. The main motivation for further research is the main point
raised by Agarwal [27], that the domain of existence of a solution to a system of first-order differential equations may be
increased by considering generalized distances. In 2007 Huang and Zhang [28] reintroduced such spaces under the name of
cone metric spaces and reintroduced definition of convergent and Cauchy sequences in the terms of interior points of the
underlying cone. They also proved some fixed point theorems in such spaces in the samework. After that, fixed point points
in K -metric spaces have been the subject of intensive research (see [29–42]). Recently, Du [30] (see also [34,35]) used the
scalarization function and investigated the equivalence of vectorial versions of fixed point theorems in K -metric spaces and
scalar versions of fixed point theorems in metric spaces. He showed that many of the fixed point theorems for mappings
satisfying contractive conditions of a linear type in K -metric spaces can be considered as the corollaries of corresponding
theorems inmetric spaces. Nevertheless, the fixed point theory in K -metric spaces proceeds to be actual, since themethod of
scalarization cannot be applied for a wide class of weakly contractive mappings, satisfying nonlinear contractive conditions.
Fixed point results in ordered cone metric spaces for linear contraction type mappings were investigated by many
authors. We refer the reader to Altun and Durmaz [43] and Altun et al. [44].
The concept ofweak contractions inHilbert spaceswas defined by Alber andGuerre-Delabriere [45] in 1997. This concept
was extended by Rhoades to metric spaces in [46].
Definition 1.1. A map T : X → X , where (X, d) is a metric space, is said to be weakly contractive if
d(Tx, Ty) ≤ d(x, y)− ϕ(d(x, y)), for all x, y ∈ X, (1)
where ϕ : [0,+∞)→ [0,+∞) is a continuous and non-decreasing function such that ϕ(t) = 0 if and only if t = 0.
It is clear from (1) that any contractive mapping is a weakly contractive mapping. To show this, we have only to take
ϕ(t) = (1− k)t where k ∈ [0, 1), then (1) reduces to the classical Banach contraction.
Weak contractive and weak contractive type conditions have been used by many researchers to establish fixed point
results in metric and generalized metric spaces [47–50,17,51,52].
Recently Choudhury and Metiya [53,49] established the existence of coincidence and common fixed point for a pair of
mappings satisfying (ψ, ϕ)-weak contractive contractions in cone metric spaces.
Theorem 1.2 ([49, Theorem 3.1]). Let (X, d) be a cone metric space with regular cone K such that d(x, y) ∈ int K for all x, y ∈ X
with x ≠ y. Let f , g : X → X be such that
ψ(d(fx, fy)) . ψ(d(gx, gy))− ϕ(d(gx, gy)) for all x, y ∈ X, (2)
where ψ : K → K and ϕ : int K ∪ {0E} → int K ∪ {0E} are continuous functions with the following properties:
(i) ψ is strongly monotonic increasing,
(ii) ψ(t) = 0E = ϕ(t) if and only if t = 0E ,
(iii) ϕ(t)≪ t for all t ∈ int K and
(iv) either ϕ(t) . d(x, y) or d(x, y) . ϕ(t), for all t ∈ int K ∪ {0} and x, y ∈ X.
If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a unique point of coincidence in X. Moreover, if f and g
are weakly compatible, then f and g have a unique common fixed point in X.
A natural question arises: can the result of Theorem 1.2 for K -metric spaces be extended to ordered K -metric spaces,
where a pair of mappings satisfies a more general (ψ, ϕ)-weak nonlinear contractive condition than the condition (2)? In
this paper, we establish coincidence and fixed point theorems for a pair of mappings satisfying generalized (ψ, ϕ)-weak
nonlinear contraction type conditions in ordered K -metric spaces. Presented theorems generalize and extend some very
recent results of Choudhury and Metiya [53,49].
2. Preliminaries
We shall recall some definitions and mathematical preliminaries. Let E be a real Banach space with respect to a given
norm ‖ · ‖E and 0E is the zero vector of E.
Definition 2.1 (Zabrejko [26]). A non-empty subset K of E is called a cone if and only if
(i) K = K , K ≠ {0E},
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ K ⇒ ax+ by ∈ K ,
(iii) K ∩ (−K) = {0E},
where K is the closure of K .
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Definition 2.2. Recall that a binary relation . on a non-empty set X is said to be an order relation (and X equipped with .
is called a partially ordered set) if it satisfies the following three properties:
(i) reflexivity: x . x for all x ∈ X ,
(ii) antisymmetry: x . y and y . x imply x = y,
(iii) transitivity: x . y and y . z imply x . z.
Each cone K ⊆ E induces a partial order on E by
x, y ∈ E, x . y ⇐⇒ y− x ∈ K .
Through this paper, the notation x<E y will stand for x . y and x ≠ y, while x ≪ y will stand for y − x ∈ int K , where
int K denotes the interior of K . From now on, it is assumed that int K ≠ ∅.
Definition 2.3 ([54,8]). The cone K is called normal if there is a numberM ≥ 1 for which 0E . x . y implies ‖x‖E ≤ M‖y‖E
for all x, y ∈ E. The least positive integerM , satisfying this property, is called the normal constant of K .
Definition 2.4. The coneK is said to be regular if every increasing sequencewhich is bounded fromabove is convergent, that
is, if {xn} is a sequence in E such that x1 . x2 . · · · . y for some y ∈ E, then there is x ∈ E such that limn→+∞ ‖xn− x‖E = 0.
Remark 2.1. Equivalently, the cone K is said to be regular if every decreasing sequence which is bounded from below is
convergent.
Lemma 2.1 ([38]). Every regular cone is normal.
Definition 2.5 (Zabrejko [26]). Let X be a non-empty set and d : X × X → E satisfies
(i) d(x, y) = 0E if and only if x = y,
(ii) d(x, y) = d(y, x) for all x, y ∈ X ,
(iii) d(x, y) . d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a K -metric on X and (X, d) is called a K -metric space.
Example 2.1. Let E = R2, K = {(x, y) ∈ R2 | x, y ≥ 0}, X = R2, d : X × X → E defined by: for all (x, y), (x′, y′) ∈ X ,
d((x, y), (x′, y′)) = (|x− x′| + |y− y′|, αmax{|x− x′|, |y− y′|}),
where α > 0 is constant. Then, (X, d) is a K -metric space.
Example 2.2. Let E = Rn, K = {(x1, . . . , xn) ∈ Rn | xi ≥ 0}, X = R, d : X × X → E defined by: for all x, y ∈ X ,
d(x, y) = (|x− y|, α1|x− y|, α2|x− y|, . . . , αn−1|x− y|),
where αi ≥ 0 for all 1 ≤ i ≤ n− 1. Then, (X, d) is a K -metric space.
In [28], Huang and Zhang presented the notion of convergence of sequences in a K -metric space. However this notion is
not new and existed before Huang and Zhang (see for example [55,26]).
Definition 2.6 (Zabrejko [26]; Huang and Zhang [28]). Let (X, d) be a K -metric space, {xn} is a sequence in X and x ∈ X .
(i) If for every c ∈ E with 0E ≪ c , there is N ∈ N such that d(xn, x)≪ c for all n ≥ N , then {xn} is said to be convergent to
x. This limit is denoted by limn→+∞ xn = x or xn → x as n →+∞.
(ii) If for every c ∈ E with 0E ≪ c , there is N ∈ N such that d(xn, xm) ≪ c for all n,m > N , then {xn} is called a Cauchy
sequence in X .
(iii) If every Cauchy sequence in X is convergent in X , then (X, d) is called a complete K -metric space.
Lemma 2.2 (Huang and Zhang [28]). Let (X, d) be a K-metric space with K a normal cone.
(i) A sequence {xn} in X converges to x ∈ X if and only if d(xn, x)→ 0E as n →+∞.
(ii) A sequence {xn} in X is Cauchy if and only if d(xn, xm)→ 0E as n,m →+∞.
(iii) If {xn} and {yn} are sequences in X such that xn → x ∈ X as n → +∞ and yn → y ∈ X as n → +∞, then
d(xn, yn)→ d(x, y) as n →+∞.
The following lemma contains some useful properties, for more details, we refer the reader to [56,41].
Lemma 2.3. Let (X, d) be a K-metric space with cone K . Then the following properties hold.
(i) int K + K ⊆ int K and λ int K ⊆ int K, λ > 0.
(ii) a . b and b ≪ c imply a ≪ c.
(iii) 0E . xn . yn for each n ∈ N, limn→+∞ xn = x ∈ E and limn→+∞ yn = y ∈ E imply 0E . x . y.
(iv) K is normal if and only if xn . yn . zn and limn→+∞ xn = limn→+∞ zn = x imply limn→+∞ yn = x.
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3. Main results
The following lemma will be useful for the proof of our main results.
Lemma 3.1. Let E be a Banach space, {an}, {bn} and {cn} are sequences in E such that bn → b ∈ E, cn → c ∈ E as n → +∞.
Suppose also that
an ∈ {bn, cn} for all n ∈ N.
Then there exists a subsequence {an(p)} of {an} such that an(p) → a ∈ {b, c} as p →+∞.
Proof. Denote by I the set defined by
I := {n ∈ N | an = bn}.
If I contains a finite number of elements, then for n large enough, an = cn, then an → c as n →+∞.
If I is an infinite set, we can write
I = {n(1), n(2), . . . , n(p), . . .},
where n(p) < n(p+ 1). So an(p) = bn(p) for all p ≥ 1 and then an(p) → b as p →+∞. 
Remark 3.1. Lemma 3.1 does not guarantee that the sequence {an} is convergent. The following sequence: an = (−1)n is a
simple counter-example. We have an ∈ {−1, 1}, however {an} is not a convergent sequence.
Definition 3.1 (Ćirić et al. [13]). Suppose (X,≼) is a partially ordered set and T ,G : X → X are mappings of X into itself.
One says T is G-non-decreasing, if for x, y ∈ X ,
Gx ≼ Gy H⇒ Tx ≼ Ty.
Definition 3.2. Let X be a non-empty set endowed with a partial order . and A be a non-empty subset of X . Let ψ : A ⊆
X → X be a given mapping. Then ψ is said to be strictly increasing if and only if
x, y ∈ A, x . y ⇐⇒ ψ(x) . ψ(y).
In this section, we consider a partially ordered set (X,≼) endowed with a K -metric d such that (X, d) is a complete
K -metric space, where K is a regular cone and d(x, y) ∈ intK for all x, y ∈ X , x ≠ y.
We denote byΦ the set of functions ϕ : int K ∪ {0E} → int K ∪ {0E} satisfying the following properties:
(P1) ϕ is continuous,
(P2) ϕ(t) = 0E ⇐⇒ t = 0E ,
(P3) ϕ(t)≪ t for all t ∈ int K ,
(P4) either ϕ(t) . d(x, y) or d(x, y) . ϕ(t) for all t ∈ int K ∪ {0E} and x, y ∈ X .
We denote by Ψ the set of functions ψ : K → K satisfying the following properties:
(P5) ψ is continuous,
(P6) ψ(t) = 0E ⇐⇒ t = 0E ,
(P7) ψ is strictly increasing.
3.1. Coincidence and fixed point results for not necessary continuous mappings
In this section, coincidence and fixed point results are derived when T ,G : X → X satisfy a (ψ, ϕ)-weak nonlinear
contraction condition in an ordered K -metric space (X, d), without requiring the continuity of T and G.
Our first main result is the following.
Theorem 3.1. Consider two mappings T ,G : X → X such that T is G-non-decreasing, TX ⊆ GX, GX is a closed subspace of
(X, d), and for all x, y ∈ X such that Gx ≼ Gy, we have
ψ(d(Tx, Ty)) . ψ(ux,y)− ϕ(ux,y) (3)
for some
ux,y ∈

d(Gx,Gy), d(Gx, Tx), d(Gy, Ty),
d(Gx, Tx)+ d(Gy, Ty)
2

,
where ψ ∈ Ψ and ϕ ∈ Φ . Suppose that
(i) there exists x0 ∈ X such that Gx0 ≼ Tx0,
(ii) for all sequences {zn} in X such that {zn} is non-decreasing with respect to ≼ and zn → z as n → +∞, there exists N ∈ N
such that zn ≼ z for all n ≥ N.
Then T and G have a coincidence point x∗ ∈ X, that is, Tx∗ = Gx∗.
L. Ćirić et al. / Computers and Mathematics with Applications 62 (2011) 3305–3316 3309
Proof. Let x0 ∈ X such that Gx0 ≼ Tx0. From TX ⊆ GX , there exists x1 ∈ X such that Gx1 = Tx0. Further, we choose x2 ∈ X
such that Gx2 = Tx1. Continuing this process, we can construct a sequence {xn} in X such that
Gxn+1 = Txn for all n ∈ N. (4)
Using the condition that Gx ≼ Gy implies Tx ≼ Ty for all x, y ∈ X , by induction we get
Gx0 ≼ Tx0 = Gx1 ⇒ Tx0 = Gx1 ≼ Tx1 = Gx2 ⇒ Tx1 = Gx2 ≼ Tx2 = Gx3 ⇒ · · · .
Then from (4),
Gxn ≼ Gxn+1 for all n ∈ N. (5)
If Gxn = Gxn+1 for some n, then by (4), Gxn = Txn. Therefore, in this case xn is a coincidence point of T and G.
Now we shall consider the case Gxn ≠ Gxn+1 for all n ∈ N. From the contractive condition (3) with x = xn−1 and y = xn,
and by (4) and (5), for all n ∈ N∗ we obtain
ψ(d(Txn−1, Txn)) . ψ(uxn−1,xn)− ϕ(uxn−1,xn) for all n ∈ N∗, (6)
where
uxn−1,xn ∈

d(Gxn−1,Gxn), d(Gxn−1, Txn−1), d(Gxn, Txn),
1
2
[d(Gxn−1, Txn−1)+ d(Gxn, Txn)]

.
Then by (4),
uxn−1,xn ∈

d(Gxn−1,Gxn), d(Gxn,Gxn+1),
d(Gxn−1,Gxn)+ d(Gxn,Gxn+1)
2

.
From (6) and by (4), we obtain
ψ(d(Gxn,Gxn+1)) . ψ(uxn−1,xn)− ϕ(uxn−1,xn) for all n ∈ N∗. (7)
If we suppose that in (7) uxn−1,xn = d(Gxn,Gxn+1) ≠ 0E , then from the property (P2) of ϕ, ϕ(d(Gxn,Gxn+1)) ≠ 0E , and so we
have
ψ(d(Gxn,Gxn+1)) . ψ(d(Gxn,Gxn+1))− ϕ(d(Gxn,Gxn+1))<E ψ(d(Gxn,Gxn+1)),
a contradiction.
If we suppose that in (7) uxn−1,xn = (1/2)[d(Gxn−1,Gxn)+ d(Gxn,Gxn+1)], then from (7) we have
ψ(d(Gxn,Gxn+1)) . ψ([d(Gxn−1,Gxn)+ d(Gxn,Gxn+1)]/2)− ϕ(uxn−1,xn)
<E ψ([d(Gxn−1,Gxn)+ d(Gxn,Gxn+1)]/2).
Hence, as ψ is strictly increasing,
d(Gxn,Gxn+1)<E[d(Gxn−1,Gxn)+ d(Gxn,Gxn+1)]/2.
This implies that
d(Gxn,Gxn+1)<E d(Gxn−1,Gxn).
We obtain that the sequence {d(Gxn,Gxn+1)} is monotone decreasing and bounded from below by 0E . Since K is regular,
there exists µ & 0E such that
d(Gxn,Gxn+1)→ µ as n →+∞.
Now we prove that
µ = 0E . (8)
We shall prove (8) by contradiction. Suppose, to the contrary, thatµ ≠ 0E . Since K is a regular cone, it is also a normal cone.
Let us denote byM ≥ 1 the normal constant of K . LetΛ be the set defined by
Λ :=

s ∈ int K | ‖s‖E < ‖µ‖EM

.
For every real number awith 0 < a < ‖µ‖EM and s ∈ int K , we have as‖s‖E ∈ Λ. ThusΛ is a non-empty set.
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Now, we shall prove that for every s ∈ Λ,
ϕ(s) . d(Gxn,Gxn+1) for all n ∈ N. (9)
If otherwise, then from the property (P4) of ϕ, there is s0 ∈ Λ such that
d(Gxm,Gxm+1)<E ϕ(s0)
for somem ∈ N. Since {d(Gxn,Gxn+1)} is a monotone decreasing sequence, we have
d(Gxn,Gxn+1) . d(Gxm,Gxm+1)<E ϕ(s0) for all n ≥ m.
This implies that
d(Gxn,Gxn+1)<E ϕ(s0) for all n ≥ m.
Letting n →+∞ in the above inequality and using that ϕ(t)≪ t for all t ∈ int K , we obtain
0E . µ . ϕ(s0)≪ s0,
which implies, from the normality of K , that
‖µ‖E ≤ M‖s0‖,
that is,
‖s0‖E ≥ ‖µ‖EM .
This contradicts the assumption that s0 ∈ Λ. Thus we prove (9).
Now, letting n →+∞ in (9), we get
ϕ(s) . µ for all s ∈ Λ.
Therefore, for every s ∈ Λ, there exists p(s) ∈ K such that
µ = ϕ(s)+ p(s).
Now, since ϕ(s) ∈ int K (as s ≠ 0E and ϕ(t) = 0E ⇔ t = 0E), we can write
0E . p(s)≪ p(s)+ ϕ(s)
which implies that
0E ≪ p(s)+ ϕ(s) = µ.
This means that
µ ∈ int K . (10)
From (10), taking n →+∞ in (6) and using the continuity property of ϕ and ψ , we get
ψ(µ) . ψ(µ)− ϕ(µ),
and hence ϕ(µ) ≤ 0E , that is, ϕ(µ) = 0E . Since ϕ(t) = 0E ⇔ t = 0E , thenµ = 0E . This contradicts our assumptionµ ≠ 0E .
Hence, we conclude that (8) holds. Therefore,
d(Gxn,Gxn+1)→ 0E as n →+∞. (11)
Now, we will show that {Gxn} is a Cauchy sequence in the K -metric space (X, d). Suppose, to the contrary, that {Gxn} is
not a Cauchy sequence. By the property ϕ(t) ≪ t for t ∈ int K , there exists c ∈ E with 0E ≪ c for which we can find two
sequences of positive integers {m(k)} and {n(k)} such that for all positive integers k,
n(k) > m(k) > k, d(Gxm(k),Gxn(k))>E ϕ(c) and d(Gxm(k),Gxn(k)−1) . ϕ(c).
Now, we have
ϕ(c) <E d(Gxm(k),Gxn(k))
. d(Gxm(k),Gxn(k)−1)+ d(Gxn(k)−1,Gxn(k))
. ϕ(c)+ d(Gxn(k)−1,Gxn(k)),
that is,
ϕ(c)<E d(Gxm(k),Gxn(k)) . ϕ(c)+ d(Gxn(k)−1,Gxn(k)).
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Letting k →+∞ in the above inequality and using (11), we obtain
lim
k→+∞ d(Gxm(k),Gxn(k)) = ϕ(c). (12)
On the other hand, we have
d(Gxm(k),Gxn(k)) . d(Gxm(k),Gxm(k)+1)+ d(Gxm(k)+1,Gxn(k)+1)+ d(Gxn(k)+1,Gxn(k))
and
d(Gxm(k)+1,Gxn(k)+1) . d(Gxm(k)+1,Gxm(k))+ d(Gxm(k),Gxn(k))+ d(Gxn(k),Gxn(k)+1).
Letting k →+∞ in the above inequalities and using (11) and (12), we obtain
lim
k→+∞ d(Gxm(k)+1,Gxn(k)+1) = ϕ(c). (13)
From (4) and the contractive condition (3) with x = xm(k) and y = xn(k), we get
ψ(d(Gxm(k)+1,Gxn(k)+1)) = ψ(d(Txm(k), Txn(k))) (14)
. ψ(uxm(k),xn(k))− ϕ(uxm(k),xn(k)),
where
uxm(k),xn(k) ∈

d(Gxm(k),Gxn(k)), d(Gxm(k),Gxm(k)+1), d(Gxn(k),Gxn(k)+1),
1
2
[d(Gxm(k),Gxm(k)+1)+ d(Gxn(k),Gxn(k)+1)]

.
On the other hand, using (11) and (12), we have
d(Gxm(k),Gxm(k)+1)→ 0E as k →+∞,
d(Gxn(k),Gxn(k)+1)→ 0E as k →+∞,
1
2
[d(Gxm(k),Gxm(k)+1)+ d(Gxn(k),Gxn(k)+1)] → 0E as k →+∞,
d(Gxm(k),Gxn(k))→ ϕ(c) as k →+∞.
Now, from Lemma 3.1, there exists a subsequence of {uxm(k),xn(k)} that we denote also by {uxm(k),xn(k)} such that
uxm(k),xn(k) → u ∈ {0E, ϕ(c)} as k →+∞.
Letting k →+∞ in the above inequality (14) and using (13), and the continuity of ϕ and ψ , we obtain
ψ(ϕ(c)) . ψ(u)− ϕ(u). (15)
If u = 0E , from the above inequality (15), we get
ψ(ϕ(c)) . ψ(0E)− ϕ(0E) = 0E .
This implies that ψ(ϕ(c)) ∈ K ∩ (−K) = {0E}, which gives us from properties (P2) and (P6) that c = 0E , a contradiction
with c ≫ 0E .
If u = ϕ(c), from the inequality (15), we get
ψ(ϕ(c)) . ψ(ϕ(c))− ϕ(ϕ(c)),
which implies also that c = 0E , a contradiction. Therefore, {Gxn} is a Cauchy sequence in the K -metric space (X, d).
Since {Gxn} is a Cauchy sequence in the closed subspace GX , there exists y∗ = Gx∗, x∗ ∈ X such that
lim
n→+∞Gxn = Gx
∗. (16)
From (ii), since {Gxn} is a non-decreasing sequence with respect to ≼, we have Gxn ≼ Gx∗ for all n large enough. Now,
applying the considered contractive condition for x = x∗ and y = xn, we obtain
ψ(d(Tx∗,Gxn+1)) = ψ(d(Tx∗, Txn)) . ψ(ux∗,xn)− ϕ(ux∗,xn), (17)
where
ux∗,xn ∈

d(Gx∗,Gxn), d(Gx∗, Tx∗), d(Gxn, Txn),
d(Gx∗, Tx∗)+ d(Gxn, Txn)
2

,
that is,
ux∗,xn ∈

d(Gx∗,Gxn), d(Gx∗, Tx∗), d(Gxn,Gxn+1),
d(Gx∗, Tx∗)+ d(Gxn,Gxn+1)
2

.
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Therefore, from (11), (16) and Lemma 3.1, there exists a subsequence of {ux∗,xn} that we denote also by {ux∗,xn} such
that
ux∗,xn → u ∈

0, d(Gx∗, Tx∗),
d(Gx∗, Tx∗)
2

as n →+∞. (18)
Now, letting n →+∞ in (17), using (16), (18) and the continuity of ψ and ϕ, we get
ψ(d(Tx∗,Gx∗)) . ψ(u)− ϕ(u). (19)
If u = 0E , from (19), we have ψ(d(Tx∗,Gx∗)) = 0E , which implies that d(Tx∗,Gx∗) = 0E , that is, Tx∗ = Gx∗.
If u = d(Gx∗, Tx∗), from (19), we get
ψ(d(Gx∗, Tx∗)) . ψ(d(Gx∗, Tx∗))− ϕ(d(Gx∗, Tx∗)).
This implies that ϕ(d(Gx∗, Tx∗)) = 0E , which gives us that d(Gx∗, Tx∗) = 0E , that is, Tx∗ = Gx∗.
If u = d(Gx∗,Tx∗)2 , from (19), we have
ψ(d(Tx∗,Gx∗)) . ψ

d(Gx∗, Tx∗)
2

− ϕ

d(Gx∗, Tx∗)
2

. ψ

d(Gx∗, Tx∗)
2

.
Since ψ is strictly increasing, we get
d(Tx∗,Gx∗) .
d(Gx∗, Tx∗)
2
,
which implies also that d(Tx∗,Gx∗) = 0E , that is, Tx∗ = Gx∗.
Thus, we proved that x∗ is a coincidence point of T and G. The proof is complete. 
Putting G = IX (the identity map on X) in Theorem 3.1, we obtain the following result.
Theorem 3.2. Let T : X → X be a non-decreasing map w.r.t.≼. Suppose that for all x, y ∈ X such that x ≼ y, we have
ψ(d(Tx, Ty)) . ψ(ux,y)− ϕ(ux,y) (20)
for some
ux,y ∈

d(x, y), d(x, Tx), d(y, Ty),
d(x, Tx)+ d(y, Ty)
2

,
where ψ ∈ Ψ and ϕ ∈ Φ . Suppose that
(i) there exists x0 ∈ X such that x0 ≼ Tx0,
(ii) for all sequences {zn} in X such that {zn} is non-decreasing with respect to ≼ and zn → z as n → +∞, there exists N ∈ N
such that zn ≼ z for all n ≥ N.
Then T has a fixed point.
Now, we give an example to illustrate our obtained result given by Theorem 3.1.
Example 3.1. Let X = [0,+∞), E = R2, with the usual norm, be a real Banach space.We define K = {(x, y) ∈ E | x, y ≥ 0}.
Let the partial ordering .with respect to the cone K be the partial ordering in E. Then K is a regular cone.
Let d : X × X → E be given as
d(x, y) = (|x− y|, |x− y|), for x, y ∈ X .
Then (X, d) is a K -metric space with the required properties of Theorem 3.1.
Let us define a partial order≼ on X as follows:
x ≼ y ⇐⇒ x = y or (x, y ∈ [0, 1/2] and x < y) .
Let T ,G : X → X be defined respectively as follows:
Tx = 1
20
+ x
2(1+ x) if x ∈ [0, 1],
= 5 if x > 1
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and
Gx = x
1+ x if x ∈ [0, 1],
= 3x
2
2
− x if x ∈ (1, 2],
= 5 if x > 2.
We have TX = [1/20, 3/10] ∪ {5} ⊂ [0, 4] ∪ {5} = GX , and GX is closed.
Now, we will show that T is G-non-decreasing with respect to≼, that is, for all x, y ∈ X ,
Gx ≼ Gy H⇒ Tx ≼ Ty.
Let x, y ∈ X such that Gx ≼ Gy. We distinguish three cases:
Case-1. Gx = Gy = 5: In this case, we have x > 2 and y > 2, which implies that Tx = Ty = 5.
Case-2. Gx = Gy and Gx ≠ 5: In this case, we have x = y, which implies that Tx = Ty.
Case-3. Gx ≠ Gy: In this case, we have Gx,Gy ∈ [0, 1/2] and so by the definitions of G and T , we have x, y ∈ [0, 1], x ≤ y,
Tx ≤ Ty and Tx, Ty ∈ [1/20, 3/10] ⊂ [0, 1/2]. This implies that Tx ≼ Ty.
Thus, we proved that T is G-non-decreasing map with respect to≼.
Let ψ : K → K and ϕ : int K ∪ {0E} → int K ∪ {0E} be defined respectively as follows:
For t = (t1, t2) ∈ K ,
ψ(t) = t/2 = (t1/2, t2/2)
and for s = (s1, s2) ∈ int K ∪ {0E}with v = min{s1, s2},
ϕ(s) =

v2
2(1+ v) ,
v2
2(1+ v)

if v ≤ 1,
=
v
4
,
v
4

if v > 1.
Then ψ and ϕ have the properties mentioned in Theorem 3.1.
Now, we will check that our contractive condition (3) is satisfied for all x, y ∈ X with Gx ≼ Gy. We shall show that
ψ(d(Tx, Ty)) ≤ ψ(d(Gx,Gy))− ϕ(d(Gx,Gy)) (21)
for all x, y ∈ X with Gx ≼ Gy. If Gx = Gy, then (21) trivially holds. So we shall consider the case Gx ≼ Gy and Gx ≠ Gy. In
this case, x, y ∈ [0, 1] and x ≤ y. Then, we have
|Tx− Ty| =
 x2(1+ x) − y2(1+ y)

= y− x
2(1+ x+ y+ xy)
= |x− y|
2[1+ |x− y| + x(2+ y)] .
Thus,
d(Tx, Ty) =
 |x− y|
2[1+ |x− y| + x(2+ y)] ,
|x− y|
2[1+ |x− y| + x(2+ y)]

and
ψ(d(Tx, Ty)) =
 |x− y|
4[1+ |x− y| + x(2+ y)] ,
|x− y|
4[1+ |x− y| + x(2+ y)]

.
Since Gx ≼ Gy and Gx ≠ Gy implies Gx,Gy ∈ [0, 1/2], then |Gx− Gy| ≤ 1/2. Thus, from the definition of ψ and ϕ, we have
ψ(d(Gx,Gy))− ϕ(d(Gx,Gy)) =
 |Gx− Gy|
2(1+ |Gx− Gy|) ,
|Gx− Gy|
2(1+ |Gx− Gy|)

.
On the other hand, we have
|Gx− Gy| = |x− y|
1+ |x− y| + x(2+ y) .
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Then,
ψ(d(Gx,Gy))− ϕ(d(Gx,Gy)) =
 |x− y|
2[1+ 2|x− y| + x(2+ y)] ,
|x− y|
2[1+ 2|x− y| + x(2+ y)]

.
Now, we have
ψ(d(Tx, Ty)) =
 |x− y|
4[1+ |x− y| + x(2+ y)] ,
|x− y|
4[1+ |x− y| + x(2+ y)]

.
 |x− y|
2[1+ 2|x− y| + x(2+ y)] ,
|x− y|
2[1+ 2|x− y| + x(2+ y)]

= ψ(d(Gx,Gy))− ϕ(d(Gx,Gy)).
Thus, (21) holds for all x, y ∈ X with Gx ≼ Gy.
Also, we have G(1/10) = 1/11 < 1/2, T (1/10) = 21/220 < 1/2 and G(1/10) < T (1/10). Thus, there exists x0 ∈ X
(x0 = 1/10) such that G(x0) ≼ T (x0).
Therefore, all hypotheses of our main Theorem 3.1 are satisfied, and T and G have a coincidence point x∗ = 1/9.
Note that if x = 1 and y = 2, then
ψ(d(Tx, Ty)) = (47/20, 47/20)>E(9/8, 9/8) = ψ(d(Gx,Gy))− ϕ(d(Gx,Gy)).
Thus T and G do not satisfy the contractive condition (2) in Theorem 1.2 of Choudhury and Metiya. Therefore, the above
theorem of Choudhury and Metiya cannot be applied.
3.2. Coincidence and fixed point results for continuous mappings
In this section, a similar existence result of a coincidence point is derived by assuming continuities of the maps T and G
and compatibility of the pair {T ,G}.
At first, we need the following definition.
Definition 3.3 (Jungck [57]). Let (X, d) be a K -metric space and f , g : X → X . The pair {f , g} is said to be compatible if
limn→+∞ d(fgxn, gfxn) = 0E , whenever {xn} is a sequence in X such that limn→+∞ fxn = limn→+∞ gxn = t for some t in X .
We have the following result.
Theorem 3.3. Consider two continuous mappings T ,G : X → X such that T is G-non-decreasing, TX ⊆ GX, and for all x, y ∈ X
such that Gx ≼ Gy, we have
ψ(d(Tx, Ty)) . ψ(ux,y)− ϕ(ux,y) (22)
for some
ux,y ∈

d(Gx,Gy), d(Gx, Tx), d(Gy, Ty),
d(Gx, Tx)+ d(Gy, Ty)
2

,
where ψ ∈ Ψ and ϕ ∈ Φ . Suppose that
(i) there exists x0 ∈ X such that Gx0 ≼ Tx0,
(ii) the pair {T ,G} is compatible.
Then T and G have a coincidence point x∗ ∈ X, that is, Tx∗ = Gx∗.
Proof. Following the proof of Theorem 3.1, {Gxn} is a Cauchy sequence in the complete K -metric space (X, d). Then, there
exists x∗ ∈ X such that
lim
n→+∞Gxn = x
∗. (23)
From (23) and the continuity of G, we get
lim
n→+∞G(Gxn) = Gx
∗. (24)
Now, by the triangle inequality, and since Gxn+1 = Txn, we obtain
d(Gx∗, Tx∗) . d(Gx∗,G(Gxn+1))+ d(G(Txn), T (Gxn))+ d(T (Gxn), Tx∗). (25)
On the other hand, we have
Gxn → x∗, Txn → x∗ as n →+∞.
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Since G and T are compatible mappings, this implies that
lim
n→+∞ d(G(Txn), T (Gxn)) = 0E . (26)
Using the continuity of T , from (23) we obtain
lim
n→+∞ d(T (Gxn), Tx
∗) = 0E . (27)
Now, combining (24), (26) and (27) and letting n →+∞ in (25), we get
d(Gx∗, Tx∗) . 0E,
that is, d(Gx∗, Tx∗) = 0E . This implies that Gx∗ = Tx∗, and x∗ is a coincidence point of T and G. This completes the proof. 
Putting G = IX in Theorem 3.3, we obtain the following result.
Theorem 3.4. Let T : X → X be a continuous and non-decreasing map w.r.t. ≼. Suppose that for all x, y ∈ X such that x ≼ y,
we have
ψ(d(Tx, Ty)) . ψ(ux,y)− ϕ(ux,y)
for some
ux,y ∈

d(x, y), d(x, Tx), d(y, Ty),
d(x, Tx)+ d(y, Ty)
2

,
where ψ ∈ Ψ and ϕ ∈ Φ . If there exists x0 ∈ X such that x0 ≼ Tx0, then T has a fixed point.
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